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Numerical Simulations of Unsteady
Transonic Flow in Turbomachines

Introduction

THE need for improved durability, reduced noise levels,
and increased performance has motivated engineers to as-

sess the effects of flow unsteadiness on the aerodynamic phe-
nomena present in axial-flow turbomachines. For coupled sys-
tems of rotating and stationary blade rows, the relative motions
between adjacent rows give rise to high-frequency unsteady
aerodynamic excitations that can reduce performance and gen-
erate discrete-tone noise. Two categories of numerical proce-
dures have been developed for determining the effects of rel-
ative motion between adjacent blade rows. In the first category
of procedures, incoming wakes are specified at the inlet of
isolated blade rows.1 In these methods the wakes are usually
assumed to be parallel, with uniform pressure and a prescribed
total enthalpy and/or velocity variation. In the second category
of analyses, both blade rows are modeled and the relative po-
sition of one blade row is varied to simulate blade motion.2'3
The work in this study utilizes the first category of numerical
procedures.

In a recent study, unsteady inlet and exit boundary condi-
tions were formulated and implemented into an implicit two-
dimensional Navier-Stokes procedure.4 The inlet and exit
boundary conditions were designed to be time-accurate and
nonreflecting. In addition, the boundary conditions were con-
structed to allow the specification of entropic, vortical, and
acoustic excitations at the inlet, and acoustic excitations at the
exit of the computational domain. The focus of the current
investigation is to study the unsteady response of a transonic
compressor cascade to inlet vortical gusts.

P =

0
P

Daniel • J. Dorney*
Western Michigan University,
Kalamazoo, Michigan 49008

and
Roger L. Davisf

United Technologies Research Center,
East Hartford, Connecticut 06108

Nomenclature
skin friction coefficient
unsteady pressure
velocity magnitude
vortical gust amplitude
flow angle
momentum thickness
density
phase angle
reduced temporal frequency

Subscripts
chd = chordwise direction
1 = inlet quantity

Superscripts
+ = upper surface of blade
— = lower surface of blade
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Fig. 1 Real and imaginary components of the unsteady pressure
difference.
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Solution Algorithm
The implicit numerical procedure used in this study consists

of a time-marching finite difference scheme.4 The procedure is
second-order temporally accurate and third-order spatially ac-
curate. The inviscid fluxes are discretized using an upwind-
biased scheme, while the viscous fluxes are discretized using
standard central differences. An alternating direction, approx-
imate'-factorization technique is used to compute the time-rate
changes in the primary variables. Newton subiterations are
used at each global time step to increase stability and reduce

linearization errors. For unsteady simulations, two Newton
subiterations are typically performed at each time step.

Numerical Results
To investigate the response of a blade row to unsteady vor-

tical excitations in transonic flow, inviscid, and viscous simu-
lations have been performed for the tenth standard configura-
tion cascade.5 The compressor cascade has a stagger angle fl
of 45 deg, a pitchwise gap G of 1.41, operates at an inlet Mach
number of 0.80, and an inlet flow angle of /3l = 58 deg. The
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Fig. 4 Steady and time-averaged skin friction distributions.

mass flow was held constant between the inviscid and viscous
simulations by adjusting the average exit static pressure. In the
viscous simulations, the Reynolds number, based on the inlet
freestream conditions and the blade axial chord, was set at Re
= 7.09 X 105. A zero heat flux condition was specified at the
blade surface. Transition was assumed to occur at the leading
edge of each blade. In the unsteady flow simulations, vortical
gusts at CD of 10 and an interblade phase angle a of -2ir were
introduced at the inlet boundary. The gust amplitude was set
equal to 5% of the steady inlet flow velocity vg = 0.05<?i.

The computational grid topology used in the inviscid sim-
ulation contained a total of 13,601 grid points, while the com-
putational grid used in the viscous simulation contained 21,591
grid points. In the viscous simulation, the average value of v+,
the nondimensional distance of the first grid point above the
surface, was equal to 0.50. The inviscid simulation required
0.00019 s of CPU time per grid point per iteration (with two
Newton subiterations) on a DEC 3000-400 workstation and
the viscous simulation required 0.00026 s of CPU time per
grid point per iteration. For the unsteady simulations, eight
periods at 2000 iterations per period were necessary to achieve
a time-periodic solution.

The unsteady pressure response of the blade row to the pass-
ing wakes is described using a complex representation. The
magnitude and phase of the unsteady pressure response at any
location are given by p = {[Re(p)]2 + [Im(/?)]2}1/2 and </> =
tan~1[Im(/7)/Re(/?)], where the phase angle is measured relative
to the phase of the excitation. The real and imaginary com-
ponents of the first harmonic of the unsteady pressure differ-
ence distributions along the blade surface are shown in Fig. 1.
The unsteady pressure difference is defined as

(1)

where ;cchd is the distance along the blade chord, pi is the steady
inlet density, and q\ is the steady inlet velocity. In presenting
the numerical results, the pressure difference is scaled by the
amplitude of the unsteady excitation vg. The relatively high
frequency of the vortical distortion is seen to cause large var-
iations in the inviscid unsteady pressure difference along the

surface of the blade. Figure 1 suggests that the fluid viscosity
acts to damp some of the large spatial fluctuations in the un-
steady pressure. The general trends predicted in the inviscid
and viscous analyses are similar, but changes in the location
and strength of the shock because of the viscous boundary
layer are evident.

In an effort to study the unsteady nature of the viscous flow,
the unsteady boundary-layer momentum thickness and skin
friction coefficient distributions were recorded and interro-
gated. Figure 2 shows the unsteady momentum thickness en-
velope, which is comprised of the maximum, minimum, and
time-averaged values over one wake-passing cycle. The
momentum thickness shows large excursions about the time-
averaged values, but behaves in a linear manner (i.e., the time-
averaged and steady distributions are similar). In Fig. 3, which
shows the unsteady skin-friction-coefficient envelope, the lo-
cation of the shock wave is marked by a significant reduction
in the skin friction. The skin friction varies mainly over the
first 25% of the pressure surface, while larger variations are
noticeable along the suction surface up to the separation point.
Figure 3 also suggests there is flow separation near the base
of the shock. The location of the downstream flow separation
point in the unsteady simulation is not affected by the periodic
unsteadiness. Comparing the steady and time-averaged skin
friction distributions reveals nonlinear behavior downstream of
the shock (see Fig. 4). In the steady simulation the flow is
intermittently separated from the shock to the trailing edge,
while the time-averaged flow solution indicates that the flow
reattaches downstream of the shock and does not separate
again until approximately 70% of the axial chord.

Conclusions
A two-dimensional Navier-Stokes analysis has been used

to study unsteady transonic flow through a compressor cas-
cade, subject to inlet vortical disturbances. The predicted
inviscid unsteady pressure distributions exhibit large spatial
fluctuations because of the high frequency of the vortical dis-
turbance, while the viscous results indicate that the fluid vis-
cosity acts to dampen out some of the unsteadiness near the
blade surface. Investigation of the viscous-layer quantities re-
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vealed that the momentum thickness responds in a linear man-
ner to the passing wakes, but the skin friction distribution ex-
hibits significant nonlinear behavior.
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Estimation of Mixing
of High-Speed Streams
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Nomenclature
D = diameter of mixing tube
EQ - basic unit based on Q
G = mass flow flux
Ka = factor of uniformity of total pressure between axes
Kr = factor of radial uniformity of total pressure
M = Mach number
MF = momentum flux
P = total pressure
p = static pressure
Q = physical quantity
r = radial coordinate
v = velocity
x = axial coordinate
y = ratio of specific heats
rj = mixing parameter
p = density

Subscripts
A, B = measurement locations in a plane perpendicular to

the flow direction
m = mean value along radial direction

Introduction

E STIMATION of experimental mixing performance is crit-
ical to assess the various passive supersonic mixing en-

hancement devices1'3 and ejector systems.4'5 The problem gets
further compounded in the mixing of flows with the same inlet
total temperature, and using the same working medium, as
stream identification is difficult. Decay of centerline properties
and spreading rates of jets have been used by many investi-
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Fig. 1 Flow configuration: a) schematic and b) end view of a
radially lobed nozzle.

gators1'3 as indicators of mixing performance. However, as
noted by Naughton et al.6 these parameters are more represen-
tative of the penetration of the jet into the surrounding me-
dium. Mixing parameters have been based on momentum
flux,2'5 as it remains constant across shocks (from inviscid,
nonfrictional one-dimensional flow analysis). However, a par-
ametric study is not available to justify this choice. Though
uniformity of mean flow profiles has been used by many in-
vestigators to evaluate mixing performance, Dimotakis7 sug-
gested that an increasingly uniform distribution of mean flow
quantities is not the ultimate check for molecular scale mixing
essential for combustion. However, gas sampling measure-
ments of Gutmark et al.8 suggest that pressure measurements
can be used to make reasonable estimates of mixing rates.

This Note suggests a simple method to obtain a physically
meaningful estimate of mixing performance in the context of
interacting coaxial streams (see Fig. la) using typical discrete
experimental data. As efficient mixing of the coaxial streams
with different inlet conditions involves exchange of properties
until the gradients are reduced, the emphasis is on a parameter
that amplifies any existing difference (to highlight the extent
of the lack of mixing) in physical quantities in a given flow
cross section.

The extent of mixing of flows is assessed at planes perpen-
dicular to the mean flow direction. First the basic unit used in
TJ is developed; later TJ is formulated for an axisymmetric and
a nonaxisymmetric flow.

Results and Discussion
Formulation of Basic Unit

If the basic unit EQ of 17 uses a physical quantity, the dif-
ference QB — QA should reduce as the flow becomes increas-
ingly mixed. Because of the dissipative nature of efficient mix-
ing devices, normalization of (QB — QA) in the basic unit is
done with local quantities. Because of its greater amplification
of the difference, QA is preferred over the average of QA and
QB as the normalizing factor. To incorporate the effects of pres-
sure, density, and velocity on the mixing process, the physical
quantities considered were 1) momentum fluxp + pv2, 2) mass
flow flux pv, and 3) total pressure. Again, the physical quantity
that yields the largest value for the basic unit is chosen.

Based on the measurements at locations A and B, without
loss of generality, it can be assumed that pB = pA + A/? and


